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HH>KHHe OII,eHKH CJIO>KHOCTH nOKpbITHH nOHTH BCeX TOHeK 
OyjieBa Ky6a rpaHHMH h CMe>KHbie sa^anH 


K). B. MaKCHMOB* 
BpeMoJlaG MOTH h HHEH PAH 


AHHOTaLI,HH 

B HacTOHmeH paGoxe paccMaxpHBaioTCH sa^ana noKpbixHH rpaHHMH Bcex xoaeK 6yjieBa Ky- 
6a, KpoMe He 6ojiee neivi jiorapncJjMHHecKoro no pasMepnocxH MHoncecxsa sa/iaHHbix, Koxoptie 
noKpbixbi 6bixb He /],ojiJKHbi. YKasaHHaH aaflana BOSHHKaex b neKoxopbix sa/ianax iviamHHHoro 
oGyneHHH, cjiojkhocxh h nocxpoeHHH onxHMajibHbix 6yjieBbix cxeM. 

B pa6oxe pemaexcH sa^ana onpeflejieHHH KOHcJ^Hrypapna xonex, fljia noKpbixHH Koxopbix 
xpe6yexcH HanGojiee cjioJKHoe b pasjiHHHbix CMbicjiax mhojkbcxbo rpaHeii. 

KjironeBbie cjiOBa: noKpbixHe MHOJKecxB, 6yjieBa (pyHKpHa, .i],H3X.K)HKXHBHaH HopMajibHaa cjjop- 
Ma, HHJKHHe OpeHKH CJIOJKHOCXH. 


1. BBe^GHHe 


B HacToamefi pa6oTe paccMaxpHBaioTca 3a,ri;aHa noKpbixHa rpanaMH Bcex xonex GyjieBa xyGa xpoMe 
3a,ri;aHHOH KOHcJ^HxypapHH xoneK. HanGojiBinnH HHxepec, MOXHBHpoBaHHBifi npaKxnnecKHMH npnjio- 
jKeHHaMH, npH sxom npe,ri;cxaBjiaex cjiynafi, Kor^a hhcjio nenoKpBixBix xonex ^ocxaxoHHO Majio. 
yKa3aHHaa B03HHKaex b pa,ri;e 3a^aH ManiHHHoro oGynenna, ^HCKpexHofl MaxeMaxH- 


KH H KOM6HHaxopHofl onxHMH3an,HH (Boxos, Grama, Hammer, Ibaraki, Kogan, and Makino 2011 


>KypaBjieB 1978[ ). 

3a,ri;aHa Moxcex 6 bixb nepenncana b sKBHBajieHXHofi (JiopMe c xohkh Bpenna nocxpoenna npocxbix 
flH3x.ioHKXHBHx HopMajiBHBix (|)opM (AHO) 6yjieBBix (jDyHKpHH. A HMCHHo, B Hacxoain;eH paGoxe 
Hccjie^yioxca 6yjieBBi cJiyHKpHH, Ba^aHHbie b kohx.iohkxhbhoh HopMajiBHofi (|)opMe (KH®) npoH3Be- 
^eHHaMH BH^a 


k 

f{xi, X 2 , Xn) = /\ V Xa' V ... V xT ) . (1) 

i=l 

*Hccjie.zi,OBaHHe BbinojiHeno npn 4)HHaHCOBOH noftii;epjKKe POOH b paMKax Hayanoro npoeKxa JY® 14-07-31277 
MOJi_a; a xaKJKe npn aacTHanoH no^epacKe JlaGopaxopHH cxpyKxypHbix Mexo^OB anajiHsa /i,aHHbix b npe^CKaaa- 
xejibHOM MOflejiHpoBEHHH OYHIVI MOTH, rpanx npaBHxejibcxaa PO ^or. 11.G34.31.0073. 
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PaccMaxpHEaeMaH aa^ana npe^cTaBjiHex co6oii HacxHtiH cjiynafi aa^anH HCKjiioHeHHJi HyjieBbix 
xoHeK Ha /IHO (DNF Exception problem). yKaaaHHan aa^ana bnuia no^pobno paccMoxpena b pa- 
6oxax (Mubayi, Turan, and Zhao 2006 IBoard and Pitt 1992p . HpobjieMa ncKjnonennn nyjieBBix xo- 
neK na Moncex Gbixb ccJ^opMyjinpoBana cne^yron^HM obpaaoM: AH® D wb m nepeceKaiomnxcn 

KOHx.ioHKn;HH neoGxo^HMo npeobpaaoBaxB k AH® MnnHiviajibnon cjiojkhocxh xaKHM obpaaoM, nxo 6 bi 
nojiynennan AH® D' coBna^ajia c D bo Bcex xonnax npoMe aa^annBix /c, na Koxopwe D' ^ojincna 
o6pani;axBcn b hojib. B cannon paboxe mbi by^eivi paccMaxpnBaxb xojibko openny nncjia jinxepajiOB 
B AH® byjieBOH (JiyHKpHH n epHncxEennon ncxopnon KOHX.K)HKn,HH xoncpecxEenno paBHon epnnnpe. 
B nacxonmen paboxe nac 6ypyx nnxepecoBaxB xojibko Hnncnne openKn na panr nojiynennon AH® 
pjin cjiynan jiorapncJiMHnecKoro no paaMepnocxn nncjia nyjien k. 

AejiBK) paboxBi nBjinexcn b noncne xaKHX cjiynKpHn, cjiojkhocxb npepcxaBjiennn KoxopBix b Kjiacce 
AH® 6ypex nanbojiBrnen. 

Sapana MHHHMnaapHH cjiojkhocxh (JiynKpHnUJcocxonx b xom, nxo 6bi aanncaxB yKaaannyio cJiynK- 
pnio B pHax.ioHKXHBHOH HopMajiBHOH (JiopMe (AH®) c HcnojiBaoBanneM kbk mojkho MenBmero nncjia 
jiornnecKHX nponaBepennH (KOHx.TOHK TT nn), a xaKnce chmbojiob nepeMennBix n nx oxpnpannH (jinxe- 
pajioB). /(auhou ah® naaBiBaexcH nncjio Bxopnipnx b nee kohx-iohkphh, pamoM AH® naaBiBaexcn 
nncjio HcnojiBaoBaHHBix b ee aanncn jinxepajioB. AH3x.ioHKXHBHaH nopMajiBnan cJiopMa MHHHMajiB- 
Horo panra naaBiBaexcn MunuMaAtnou, a MHHHMajiBHon pjihhbi — Kpamuaumeu. C xohkh apennn 
nocxpoennn onxHMajiBHBix noKpBixnn, AH® MHHHMajiBHoro pjinnBi cooxBexcxByex noKpBixne nc- 
nojiBayioipee MHHHMajiBnoe nncjio rpanen; AH® MHHHMajiBHoro panra cooxBexcxByex MHHHMajiBnoe 
Bee coBOKynnoexn rpanen, rpe b KanecxBe Beca rpann BBicxynaex paanoexB Menepy paaMepnocxBio 
(JiyHKpHH n paaMepnocxBio rpann. 

Sapana MnnHivinaapHn AH® byjieBon cJiynKpHn c aapannBiM MnonceexBOM nyjieBBix xoneK Moneex 
Gbixb paccMoxpena KaK nacxHBin cjiynan iVP-xpypnon aapann o noKpBixnn mhojkbcxb, npn KoxopoM 
MHonceexBo epHnnu; cJiynKpHn cjiepyex noKpBixB nanbojiee npocxBiM MnonceexBOM rpanen GyjieBa 
rnnepKyba (liypercube covering problem). 

B obipeM cjiynae, pjin nponaBojiBHBix k aapana BoccxanoBjiennn MHHHMajiBHon (Kpaxnanmen) 
AH® GyjieBOH cJiynKpHn no aapannoMy npepcxaBjiennio [T]iVP-nojiHa fIMasek 1979p . Bojiee xoro, aa¬ 
pana onpepejiennn no aapannon AH® nBjinexen jin ona MnnHiviajibnon nBjinexen eipe Gojiee cjiojkhoh 
nepebopnon aapanen, a HMenno npnnapjiejKnx Kjiaccy S 2 flUmans 1998^ . 

TeM ne Menee, npn nebojiBmnx ananennnx k, yKaaannan aapana b pnpe cjiynaeB Moncex 6bixb pe- 
mena xonno. B nacxnocxn xonnoe pemenne npn k = 2 pjin bchkoh cJiynKpHn / 6bijio nanpeno C. B. 
5I6jiohckhm, npn A; = 3,4 A. K). KoranoM n K). H. >KypaBjieBBiM. KpoMe xoro, hmh nee b Konpe 1980- 
Bix ropoB 6bijio aameneno, nxo npn k < log 2 — log 2 log 2 n + 1 nonxn bcom byjieBBiM (JiynKpnnM ox n 
nepeMennBix, npn n — ?■ 00 , Moneex 6bixb conocxaBjiena neKoxopan (JiyHKpnn 0^, nojinocxBio onpepejin- 
loipan cjiojkhocxb MnnnMajiBHBix n Kpaxnanmnx AH® oxnx cJiynKpHii ( >KypaBjieB and Koran 1985 ). 
B xoH nee paboxe yKaaannan cJiynKpHn bbijia naaBana noAHOu. 

Ao nepaBnero BpeMenn ocxaBajicn oxkpbixbim Bonpoc, nBjinexen jin cJiynKpHn nanbojice cjiojk- 
hoh b Kjiacce cJiynKpHn ox xoro nee nncjia nepeMennBix, npnnnMaioipHX ananenne 0 poBHO b k xonnax. 

HacxnnnBin, oxBex na axox Bonpoc Gbiji anoHcnpoBan aBxopoM b KpaxKOM coobipennH 
(|MaKCHMOB 201^ . 

B nacxonipen paboxe npnBopnxBcn ycniienne peayjiBxaxa (IMaKcnMOB 2012|l . noaBojinioipee yexa- 
naBjiHBaxB Gojiee xonnBie rpannpBi na cjiojkhocxb AH® byjieBBix cJiynKpHn, oOpaiparoipnecn b 0 b 
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He6ojibmoM HHCJie tohck. Hpe^jiaraeMbiH Mexo^ ocHOBan na H^ee anajiHsa noKpBiTHH rpanaMH Ky6a 
He Bcex ToneK, na KoxopBix paccMaxpHBaeMaH cJiyHKpHH cJiyHKpHH npHHHMaex aHaneHHe 1, a xojib- 
Ko Hx He6ojiBmoH HacxH “xpy^Hofi” ^jih hokpbixhh MHOJKecxBaMH yKaaaHHoii cJiopMBi. yKaaaHHBin 
cnocoG nosBOJiHex cymecxaenno ycnjiHXB KjiaccHHecKHe IIIeHHOHOBCKHe opeHKH cjiojkhocxh AHO 
H HBjiHexcH o;];hhm h 3 nepBBix, no3BOJiHion];HX anajiHXHHecKH ycxanoBHXB HBHBie HHJKHHe opeHKH 
CJIOJKHOCXH flJIH AHO KOHKpeXHBIX (J^yHKpHH. 


2 . IIpe^BapHTejibHbie pesyjibTaxbi, oSosHaHeHHH, tgpmhhojio- 


OcHOBHBiM o6x.eKxoM paccMoxpeHHH HBjiaexcH Maxpnpa Hyjien Mf 6yjieBoii cJiyHKpHH /(xi, X2 ,x„), 
no cxpoKaM Koxopofi nocjie^oBaxejiBHO BBinHcaHW Bce pa3JiHHHBie nyjiH cJ^ynKpHn /. B Hacxonmeii 
pa6oxe nojiyneHBi HHJKHne opeHKH panra 6yjieBBix cJ^ynKpHn, MaxpHpBi Hyjieii Koxopwx ne co^epncax 
cxoji6n,oB c HeGojiBHiHM HHCJioM Hyjieii hjih e^HHHn,. yKa3aHHBie opeHKH oKa3BiBaioxc5i nojie3HBiMH 
npH Hccjie^oBaHHH GyjieBBix cJiyHKpHH ox Gojinmoro nncjia nepeMeHHbix, HMeiomnx neGojibrnoe hhcjio 
H yjieBBix xoneK. 

riycxb 7r„ — Kjiacc (HHBapnaHXHBix) npeo6pa30BaHHH IIIeHHOHa-noBapoBa GyjieBBix cJiyHKpHH ox 
n nepeMeHHbix xhkhx, hxo BCHKoe npeo6pa30BaHHe tt & TTn conocxaBjinex ynopn^onenHOMy Ha6opy 
nepeMeHHbix {xi,X2, ...,Xn) Ha6op {yi,y2, ...,yn) = ), r^e {ii,i2, — npoH3- 

BojibHan nepecxanoBKa MHOJxecxBa o6o3HaHaeMoro b ^ajibHeHineM [n], ai G {0,1} npn 

i E [n]. OxMexHM, nxo OyjieBa ({lyHKpHH h ee o6pa3 npn npeo6pa30BaHHH IIIenHOHa-rioBapoBa HMeiox 
OflHHaKOByiO CJIOJKHOCXb npH npe^CXaBJieHHH hx flH3X.IOHKXHBHbIMH HOpMajIbHbIMH (})OpMaMH. 

06o3HaHHM Kjiacc OyjieBbix cJiyHKpHH ox n nepeMeHHbix, HMeioipHx b xohhocxh k pa3JiHHHbix 
Hyjiefl. IIpOHBBOJIbHOH 4)yHKH,HH / G P^ COHOCXaBHM ({lyHKpHIO Q E XaKHM o6pa30M, HXO 

1. B Maxpnpe Mf oxcyxcxByiox nyjieBOH h e^HHHHHbifi cxojiOpbi; 

2. oflHHaKOBbie cxojiOpbi b Mg pacnojionceHbi nocjie^oBaxejibHo; 

3 . fljiH J11060H napbi cxojiGpoB, o^hh h 3 Koxopbix HBjuiexcH oxpnpaHHeM ^pyroro, b Maxpnpe Mg 
npHcyxcxByex He Gojiee o^hoxo. 


SaMexHM, HXO HHBapnaHXHbiMH npeo6pa30BaHHHMH IIIeHHOHa-noBapoBa BCHKaa Gynena ({lyHK- 
pHH, Maxpnpa Hyjien KoxopoH He HMeex nyjieBbix (e^HHHHHbix) cxoji6h;ob, Moncex 6bixb BanHcana b 
xaKOM BH^e. ripH 3XOM cjiojKHocxb ,I[,HO ({lyHKpHH He MennexcH. Byjiena ({lyHKpHH g HaBbiBaexcn 
npaeu/ihHou, ecjiH ee Maxpnpa Hyjien y^oBjiexBopnex ycjioBHHM 1 — 3. Ecjih KpoMe xoro Maxpnpa 
HyjieH g He co^epncHx o^HHaKOBbix cxoji6h,ob, xo g HaBbiBaexcn npueedennou. 

npHBe^eHHyio cJiyHKpHio, npHHa^jiejKamyio Kjiaccy P^ Ha30BeM uoahou. CorjiacHo pe3yjib- 
xaxy, HOJiyHeHHOMy b paGoxax (>KypaBjieB and Koran 1985, >KypaBjieB and Koran 1986), BCHKan 
npaBHjibHaa: Gyjiena cJiyHKpHH 0 npe^cxaBHMa b bh^o 


D^{xi,X 2 , ...,Xn) = PF(Xii,Xi2, ...XiJ V P2(Xii, Xi^+i, ...,Xi2-l) V D2{Xi^, Xi^+i, Xi^^-,-i) ( 2 ) 

r^e ii = 1, a it+i = n + 1; cxojiGpbi c HOMepaMH is,is+i, — 1 paBHbi npn 1 < s < t; na- 

6op cxojiGpoB c HOMepaMH ii,i 2 ,...,it cocxohx b xohhocxh h3 t pa3JiHHHbix cxojiGpoB. Sflecb Dp b 
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(JiopMyjie ([2]) — AH® cooTBexcTByiomeH cf) npHBe^eHHOH cJ^ynKpHn F, a •••) ^^s+i-i) = 

Xis^i^+i V Xi^^iXi ^^2 V ... V npH 1 < s < t. Otmcthm, hto yKaaaHHBiM cnoco6oM mojkho 

CBo^HTB nocTpoenne AH® npoHSBOJiBHOH 6yjieBOH cJiyHKpHH k nocxpoenHio AH® cooxBexcxByromeli 
npHBe^eHHOH cJiyHKpHH, npH sxom cjiojkhocxb cBefleHH3 jiHHefiHa. 

TeopeMa 1 IloHmu eceu npaeuAhuuM 6yAeeuM ^yuKyuAM om n nepeMennux, Komopue uMemm 
He 6oAee k < logg n — logg log 2 n + 1 uyAeu, npun oo no cfiopMyAelE cmaeumhCA e coomeemcmeue 
noAHOA 6yAeea ^ynnyuA. 


HecMoxpa na 3xo, npn HHCJie Hyjiefi GojiBineM hbm log 2 n — log 2 log 2 n + 1 GojiBniHHcxBy 4)yHKn;HH 
conocxaBji3ioxc3 npHBe^eHHBie (j3yHKii;HH, oxjiHHHBie ox nojiHBix. 

Co BpeMCHH n03BJieHH3 XeOpHH CJIOJKHOCXH flH3X.IOHKXHBHBIX HOpMajIBHBIX (JiOpM C MajIBIM HHC- 

jioM Hyjiefi (>KypaBjieB and Koran 1985, >KypaBjieB and Koran 1986), ocxanajicn oxKpnixBiM Bonpoc 
nBjinexcH jih nojinan (J^ynKpnn (acHMnxoxnnecKn) SKCxpeMajibnon no cjioJKnocxn b cboom Kjiacce. 

B nacxonrpen paGoxe nonasano, nxo npn paccMoxpennn b nanecxBe Mepni cjioncnocxH nncjia 
jiHxepajioB, co^epjKarpnxcn b AH®, ynasannan oxKpnixBin Bonpoc paapemaexcn oxpnpaxejinno. A 
HMenno, b Kjiacce cyrpecxByex dyjieBa (^ynKpnn, MnnnMajiBnan AH® peajinaapnn Koxopon 

co^gepjKHx Gojiee 5 • ^(1 + o(l)) jinxepajioB npn fc — )■ oo. B xo nee Bpenn b paGoxe (IMancHMOB 2012p 
Gbijio ycxanoBjieno, nxo nncjio jinxepajiOB b MnnnMajibnon AH® nojinon d^ynKnnn ne npeBoexonnx 
3-2'=-H1 + o( 1)) npn fc^cx). 


3. OnpeAGJieHHH h oGosHaneHna 


B cannon paGoxe ncnojibsoBan pn^zi; cxan^gapxnnix xepMnnoB xeopnn GyjieBBix 4)ynKn;HH, onpe^ejien- 
nnix B paGoxax fl5I6jioncKHH 2010} A^^^kohob 2001 ). Kpaxno nanoMnnM ocnoBnnie h 3 nnx. 

06o3nanHM no^Maxpnpy Maxpnpni M, naxo^gnipyiocn na nepecenennn expoK A, ■■■iH co 

cxojidpaMH ji, •••;is- Maxpnpy, ne co^epncaipyio o^nnanoBBix expoK, na30BeM meemoM. 

JlnxepajioM dy^ein na3BiBaxB dyjieny nepeMennyio hjih ee oxpnpanne. Jlnxepaji Xi dyjieBon cj^ynn- 
pnn f{xi,X 2 , ■■■,Xn) accopnnpyeM co exojidpoM MaxpnpBi nyjien cJiynKpHH /; jinxepaji Xi acco- 
pnnpyeM c noKoop^gnnaxnBiM oxpnpanneM cxojiGpa 1 < i < n. A^nee nofl xepMnnoM jinxepaji 
xp dy^ex nacxo nopi,pa3yMeBaxBcn accopnnpoBannbin c nHM dyjien nenxop. 

riojiojKHM Bk — MnonceexBo Bcex dyjieBwx nexxopoB pa3MepnocxH k; n Bl — MnonceexBo 
dyjieBBix BeKxopoB, nepnan Koop^nnaxa Koxopnix panna 0 hjih 1 cooxBexcxBenno; no^ BenxopoM x 
dy^CM noHHMaxB noKoop^nnaxHoe oxpnpanne Benxopa x & Bk, MnnnMyM h 3 nncjia e^Hnnii, n nncjia 
nyjien x Ha30BeM eecoM Benxopa x,x G Bk- 

HcnojiB3yeM cjic^yromne nonnxnn, onpe^ejiennBie b padoxe fIMaKCHMOB 2012]) : 


Onpe^ejieHHe 1 HenyAceou eenmop a E Bk uasoeeM pasAootcuMUM no eenmopaM ai,a 2 , 
ecAU eunoAHCHu CAedymvui,ue paeeHcmea 


a = ai V 02 V ... V at, <a, ai>=<a, a 2 >= ... =<a,at>= 0, 
sde nod cumboaom <a,(3> noHUMaemcn cKaAApnoe npouseedenue eenmopoe a u fd. 
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Onpe^ejieHHe 2 HenyAceou eenmop a ^ uasoeeM opmosoHa/ihHo pasAootcuMUM no eenmopaM 
«!, ecAu eunoAHenu cAedymtpue paeencmea 


<y — tti © 0.2 © © ott 

a = «! V Q!2 V ... V at 

06o3HaHHM Ifc BeKTOp paSMepHOCTH k, COCTOHipHii TOJIBKO H3 eflHHHH,. B CJiynae a = Ifc B yCJIOBH- 
Hx npe^Bi^yipero onpe^ejieHHH Ha30BeM Bexxopa {aijj^i opmosonaAhHUM pasAootcenueM edunuyu. 
SaMexHM, HTo ecjiH Bexxop a pa3Jio>KHM no BexxopaM {ai}i^i, xo x(a) > x(Q!j),z G I. 

KoHx.ioHxn;H3 K naBBmaexcn UMnAUKanmou (J^ynxpnH f{xi,X2,---,Xn), ecjin Nk C Nj. Hivinjin- 
xanxa K naBWBaexcn npocxon, ecjin h3 K ne MOJxex Gbixb BBinepxnyx hh o;];hh jinxepaji xax, nxcGw 
nojiynennan xohx.iohxii;h 3 Gnuia HMnjiHxanxon f{xi,X2,---,Xn)- TepMHHW npocman UMUAUKanma n 
HecoKpamuMOA KOH^wHKyuA ynoxpeGjinioxcn b paGoxe xax chhohhmbi. 

06o3HanHM Zj — MHOJxecxBo nyjien (jDynxpnn f, a Nf — MHOJxecxBo ee e^HHnn;. Onpe^ejiHM 
Bexxopa paBencxBaMH = x“^(2*), 0 < i < k. 

riycxB E{t) = {i : Mf = 1}, Z{t) = [A;] \ £'(t). Oxmbxhm, nxo ^jin npHae^ennon (JiyHxpHH 
Z{t) 7 ^ 0 H E{t) 7 ^ 0. Cjie^yn pa6oxe ( /^naxonoB 2001D , o6o3HanHM 0{i,j) = { 61 , 62 ,On) xonxy 
6yjieBa xy6a xaxyio, nxo 6 r = Ml npn Bcex r G [n] \ {j} r 6 j = 1 — M/. 

^ajiee 6yfleM nojiaraxn, nxo nncjio e^HHnn; xajx^oro cxojiGpa MaxpnpBi nyjien Bcnxon paccMax- 
pHBaeMOH ^ajiee (jDynxpnH ne npcBocxo^nx nncjia nyjien. OxMexHM, nxo Bcnxan Gyjiena cJiynxpHn 
Mojxex 6 bixb npnBe^ena x xaxoMy Bn^y npeo6pa30BanH5iMH niennona-IIoBapoBa. 

^jia xonx.ionxn;HH K o6o3nanHM rank'^ K nncjio nojioJxnxejiBnnix jinxepajioB xoHx,TOHX TT nn; 
rank~ K nncjio oxpnpaxejibnBix jinxepajioB; 

rank K = rank'^ K + rank~ K. 


B paGoxe d/^bnxonoB 2001[ ) BBe^eno cjie^yioipee onpe^ejienne 
Onpe^ejieHHe 3 Mnoatcecmeo 

k n 

[J[J{Hh3)}\Nf 


i=l j=l 

nasoecM MHoofcecmeoM oKOAonyAeeux moHen. 

06o3nanHM yxa3annoe MnojxecxBo 0. Hojiojxhm 

k k 

e‘ = u U {©J)}\^/ e° = U U 

*=1 Mf=l m/=0 

A. r. /I,B5ixonoBBiM B xoH jxe pa6oxe Ghijia floxa3ana 

JleMMa 1 /Iaa ecex OAeMenmapHux KonnwHKyuu K G — coKpavyennaA /1,H(P ^ym- 

yuu f) u ecex i G [k] cnpaeedAueo 


NKn{jd{i,3) 

j=i 


< 1 
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4 . Hh:»ch515i OLi;eHKa cjio:acHOCTH 


CocednuMu naaoBeM 6yjieBt,i Bexxopa o^HHaKOBoii pasMepHocxH, naxo^HipHecji na paccxoHHHH 1 b 
M expHKe XeMMHHxa. PaccMoxpHM nponsBOJiBHyio npHBe^eHHyio 6yjieBy cJ^ynKpHio se 

HMeiomyio coce^HHx nyjieBBix xonex; o6o3HaHHM Mf ee Maxpnpy Hyjiefi h aacjDHKCHpyeM ee npoH3- 
BOJiBHyio D. 

By^eM cHHxaxB, hto BCHKaH paccMaxpHBaeMaji ^ajiee kohx.iohkii,h5i HecoKpaxHMaji, to ecxB hbjih- 
excH npocToii HMnjiHKaHxoH /. AnajiorHHHo 6y^eM nojiaraxB, hto BCHKaa paccMaxpHBaeMaH b stom 
naparpacjDe coctoht HCKjnoHHxejiBHo h 3 npocxBix HMnjiHKaHx. KpoMe xoro, Gy^eM nojiaraxB, 

HTo KajK^aa paccMaxpHBaeMaa ^ajiee Maxpnpa aBjiaexca xecxoM. 

Onpe^ejiHM Kjiacc npHBe^eHHBix GyjieBBix cJ^ynKpHii xax mhojkoctbo cJiyHKpHH ox n nepeMen- 
HBix, HMeioipHx k Hyjiefi, HHKaKne ^Ba h3 KoxopBix ne 3bji3ioxc3 coce^HHMH. CxajKeM, hxo (JiyHKpna 
/ npHHa^jiejKHT Kjiaccy ecjin / G h xpoMe xoro, Bce cxojiGpBi, cocxaBjiHiomHe Maxpnpy 

Hyjieii Mf, hmoiox boc ne MCHBine A. KpoMe xoro, Gy^ex cHHxaxB, hxo hhcjio e^HHHn, b Kaxc^oM 
cxojiGpe MaxpnpBi Mf ne npoBocxo^Hx nncjia Hyjiefi. 

Bae^eM Baacnoe ^jih nocjie^yrorpHx paccyjK^eHHii onpe^ejieHHe h 3 paGoxai flMaxcHMOB 2012]) 

Onpe^ejieHHe 4 PaspesanueM mecma M na t,t > 1 Hacmeu, nasoeeM coeoKynHocmt> nenycmux 
nodMampuy {Mi}^^^ manux, nmo 

1. Mampuyu Mi, M 2 ,Mt uMemm oduHanoeoe hucao cmoA6yoe; 

2. KaMcdaA cmpoKa Mampuyu M npucymcmeyem xomn 6u e odnou Mampuye Mj, 1 < j < t; 

3. HUCAO cmpoK Mumpuyu M coenadaem c cyMMOu hucau cmpoK e Mampuyax {MiW^i- 


JleMMa 2 Bchkuu AumepuA ^yunyun f exodum ne mchcc hcm e oduy KounmuKyuH). 

JleMMa 3 Uycmt) AumepuA pasAootcuM no AumepuAUM x^P^^. Uycmb (3 = 

{(3i, (32, ■■■, (3n) — muKUA moHKa 6yAeea Ky6a, umo (3i = (Ji, [3i-^ = ai^, (3i^ = ai^,...,(3i^ = ai^, moeda 
KOH^TOHKyuA K = x^'x^x^ ■ ■ • ABAAcmcA donycmuMou Oah f u, 6oAee mozo, K[I3] = 1. 


Kohx-iohkphio K b ycjioBHHx jieMMBi Ha30BeM KOHx-ioHKpHeH onpe^ejiaeMOH pa3Jio>KeHHeM x(* 
no BOKxopaM xP ,xP ,...,xP . B paGoxe flMaxcHMOB 20121) Gnuia ^oxaBana xjiioneBan ^jih 

flajiBHenniHx paccynyri;eHHH jieMMa o hucac MunuMUAhnux AumepaAoe 

PaccMoxpHM npHae^ennyio Gyjieay (^ynxpnio f{xi,...,Xn) Ba^annyio Maxpnpen nyjien Mf n ne 
HMeiorpyio CMeJXHBix nyjieBBix xonex. SacjDHXcnpyeM ee Jinxepaji x(\ (Ji G {0,1} n nexoxopyio peajin- 
3yioru;yio ee AJHO D. CnpaBe^jiHBBi cne^yiorpne yxBepnyri;eHH3, ^oxaBaxejiBcxBa xoxopwx npHae^enw 
flajiee 


JleMMa 4 BudcAUM e D KounmuKyun, codepofcaiyue AumepuA xP e KOAunecmee t lumyK. JIumepuA 
xP exodum euye kuk MuuuMyM e oduy, omAuunyw om eudcAeunux, nounmuKyum us D, ecAu npu 
AwdoM paspeaaHuu Mumpuyu Mf ua t uacmeu Mi, M 2 , ..., Mt cyiyecmeyem muKan Mumpuya Mj, 
umo dAH ^yuKyuu (pj sadauHou Mumpuyeu Mj, hu odua U3 eudcACunux KounwHKyuu ne onpedcAHcm 
pasdueuue x('. 
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JleMMa 5 JIumepaA exodum ne Menee hcm et + l KomwHKv^um Kaotcdou /(H(p ^yHKii,uu f, ecAU 
npu a'K)6om paspesanuu Mampuyu Mf na t uacmeu Mi, M2,M^, cytpecmeyem maKan Mampuya 
Mj, Hmo dAH ^yuKyuu (pj, sadaHHou Mampuyeu Mj, ne cyiyecmeyem Ha6opa AumepaAoe, o6pa3ym- 
lyeso pa36ueHue AumepaAa x^K 

KpoMe Toro, saMexHM hto ecjin npn paapeaaHHH MaTpapt-i M na nacTH Mi, M2, ..., Mt yjis Kaac- 
^OH H3 (JiyHKpHH, onpe^ejiaeMbix MaxpapaMH Mi, M2, ..., Mt, cyipecxByex (cBoe yjis Ka>K^oH Hacxn) 
paaGneHHe jiHxepajia x^p nopojK^aiomee npn sxom ^onycxHMyio kohx.k)hkii;hk) f{xi,X2,---,Xn), xo 
cyipecxByex AHO D cJ^yHKpHH /, xaKoe hxo jiHxepaji x^" bxo^hx ne Gojiee hbm b t pasjiHHHBix 
kohx.iohkii;hh coflepjKaipHxca b D. 

Cjie/],CTBHe 1 JIumepaA x^" exodum ue ueuee hom e dee KOHnmuKyuu npoueeoAUHou /PH0 D, 
ecAU ompuyauuA AumepaAoe, codepMcavyuxcR e KounwHKyuu K\xP^, npu K 3 x^J ue odpaeymm 
paedueuue x^". 

Onpe^ejieHHe 5 JIumepaA x^' uaeoeeM codcmeeHuuM AumepaAOM Kou^muKyuu K duenmunmue- 
Hou HopMaAUHou (p)opMu D ^yuKyuu f{xi, ...,Xn), ecAu K — eduHcmeeHuan KomwuKyuA D, codep- 
ofcaiyaA xlj. 

PaCCMOXpHM 4)HJIBXpapHIO $”;,2 ^ ^ ^ ^ ‘^5/3]+!' KajKfloe H3 nocjie^yio- 

ipHx yxBepjK^eHHH, flOKa3aHHoe yjis cJ^ynKpHii Kjiacca Sy^ex cnpaBe^jiHBo ^jih Bcex nenycxBix 

BJIOJKeHHBIX KJiaCCOB (jDHJIBXpapHH. 

/],oKa>KeM cjie^yiomHe yxBepjK^eHHH o cxpyxxype KOHx.ioHKn;HH bxo^hiphx b AH® peajiH3an,HH 
4)yHKu,HH H3 Kjiacca / G onpe^ejieHHocxH 3a4)HKCHpyeM cJ^ynKpHio /. H 3 xoro, hxo 

(JiyHKpHH / npHBe^eHHaji cjie^yex 

yxBep:a<;fleHHe 1 KounmuKyuu pama dea ue uMemm codcmeeHHux AumepaAoe. 

yxBep:a<;fleHHe 2 BcAKan KounwuKyuH, uMewiyaA oduu codcmeeunuu noAoofcumeAUHuu AumepaA 
Xi, npedcmaeuMa e eude XiKa, sde Ka — aumuMOHomouHaA nounmuKyuA pama ue Menee 2, ompu- 
yanuA AumepaAoe Komopou odpaeywm paeduenue Xi. 

AoKasaxejiBCTBO. PaccMoxpHM KOHx.ioHKn;HK) K = Xix'^^^Xt^^ ■■■x^IJ Tax xax jiHxepaji Xi G K 
co6cxBeHHBm, xo jiHxepajiBi x\^ , x\^ o6pa3yiox pa3Jio>KeHHe x*. B cHjiy xoro, hxo / 

npHBe^eHHaji h hhcjio bo bchkom cxojiGpe MaxpnpBi Hyjiefi / ne npoBocxo^Hx nncjia Hyjiefi, 

xo B pa3Jio>KeHHe Xi Moryx bxo^hxb xojibko nojiojKHxejiBHBie jiHxepajiBi. Cjie^cxBneM oxoro aBjiaexca 
yxBepxyri;eHHe jieMMBi. ■ 

Kohx.iohkii;hh npe^cxaBHMBie b bh^o XiKa, r^e Ka — Hexoxopaa aHXHMOHOxoHHaa KOHX.ioHKn;H3, 
xaxaa hxo XiKa ne HMeex coGcxBeHHBix jiHxepajioB, xpoivie, 6 bixb mojkox, Xi, naBOBOM KOHx.ioHKn;H3MH 
Kjiacca Ki. 


yXBep:a<;fleHHe 3 BcAKaA Kon’smnKyuA, UMemui^aA odun codemeennuu ompuyameAunuu AumepaA 
Xi, npedcmaeuMa e odnou U3 CAedymuyux ^opM 


a. K = XiXi^Xi^ ■ ■ - x 


H-l ! 
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h — Tf. ^ Tf. 

U. 

„ L^ — ~ rr- rr 

L-. 1\ UyiUyi^Jyi2’^i^ ^ i^ 


^H-l 


^^£—1 

'<1 


; (^ij e {0,1}; 

; O'ij £ { 0 , 1 }, 


npu amoM ompuv^aHUfi AumepaAoe U3 K\xi o6pa3ymm pa3A03tceHue Xi, a t > 3 


^OKasaTejifcCTBO. OaKXHHecKH b jicmmc yTBepjK^aeTCJi oTcyxcTBHe kohx.iohkii,hh panra ^Ba, hmc- 
roipHx co6cxBeHHBie jiHxepajiBi, hxo cnpaBe^jiHBo b cHjiy xoro, hxo / npHBefleHHaa. ■ 

Kohx.iohkii,hh, npe^cxaBHMBie b bh^c a, onpe^ejiaeMOM jieMMoii[21 naaoBeM kohx.k)hkii,h5imh Kjiac- 
ca K 2 ; Kjiacc IK 3 cocxaBjiHiox kohx.iohkli,hh, npe^cxaBHMBie b bh^c b, ho ne npe^cxaBHMBie b bh^b a; 
Kjiacc IK 4 cocxoHx H3 kohx.iohkii;hh, HMeiomHx o;];hh coGcxbbhhbih oxpnpaxejiBHBiH jiHxepaji, ho hb 
npHHa^jiBJKamHx hh Kjiaccy IK 2 , hh Kjiaccy Ks. 


yxBepac^eHHe 4 BcHKan KOH’smHKvpiH pama dea npedcmaeuMa e eude XiXj, uau XiXj Oaa hcko- 
mopux i,j u He uMeem co6cmeeHHux AumepaAoe. 


^OKaaaxejiBCTBO. Co6cxbbhhbib jiHXBpajiBi b kohx.iohkh;hh panra 2 oxcyxcxByiox xaK KaK / npn- 
BB^BHHaH; KOHX.IOHKH,HH paHFa ^Ba BH^a XiXj HB HBJHHOXCH HMHJIHKaHXaMH / XaK KaK HOKpBIBaiOX 
OflHH H 3 BB HyjIBH. ■ 

KoHX.IOHKH,HH, npBflCXaBHMBIB B BH^B X^Xj, COCXaBJIHIOX KJiaCC K5, a B BH^B XiXj — KJiaCC Kg. 

JleMMa 6 Bcakha KounmuKyuA npou3eoAhHou /1,H0 peaAU3ayuu ^yuKyun f G Aeotcum e 

odnoM U3 KAaccoe Ki, K2,Kg. 

^OKaaaxejiBCTBO. TaK KaK bbc KajK^oro jiHXBpajia cxporo Gojibhib k/3 xo hh o^na kohx.iohkh,h5i 
HB HMBBX flByX H 60JIBB CoGcXBBHHBIX JIHXBpajIOB. ■ 

3a4)HKCHpyBM ^ajIBB HBKOXOpyiO (JiyHKpHK) / G c H BB AH® pBajIHBapHIO D. 

yxBep:a<;fleHHe 5 /Jaa bchkou koh^whk'huu ii' G Ki eunoAHenu Hepaeencmea 

^ 0 ° ny^l < 2 A 
|0^ nAxI < fc/2 +A 
rank~{K) > 2 
^rank^{K) = 1, 


dde A = k/2 — m. 

AoKasaxejiBCXBO. Ho ohpb^bjibhhio Kjiacca Ki BCHKaa kohx.iohkh;hh K npB^cxaBHMa b bh^b 

XiXi^Xi^ ■ ■ - Xi^ flJIH HBKOXOporO t H HBKOXOpBIX JIHXBpajIOB Xj, , Xi^, Xi^. TaK KaK Xi HpH 3XOM HB- 
JIHBXCH CoGcXBBHHBIM JIHXBpajIOM, XO JIHXBpajIBI ■■■,Xi^ o6pa3yiOX pa36HBHHB Xi- MaKCHMajIB- 

HblH BBC JIHXBpajia Xi HB HpBBOCXO^HX k/2-, MHHHMajIBHBIH /c/2 — A, OXKy^a CJIB^yiOX OrpaHHHBHHH 

Ha |0° n H |0^ n Ax|- ■ 

AoKa3axBJibcxBa jibmm |6] - [8] ocHOBaHBi na anajiorHHHBix paccyjK^BHHHx. 
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yTBep:»<;fleHHe 6 /^aji bchkou koh^k>hkv,uu K G IK2 eunoAueno 


^e^niVi^l < fc /2 + 3A 
|0i niVi^l = 0 
rank~{K) > 3 
^rank~^{K) = 0, 


dde A = k/2 — m. 

/l^OKasaTejifcCTBO. Ho onpe^ejieHHio Kjiacca K 2 ^jih neKOToporo t h jiHxepajioB Xj, Xjj, Xjj,Xjj 
npeflcxaBHMa b bh^b K = XiXi-^xt^ ■ ■ ■ npn 3 xom jiHxepaji Xi coGcxBeHHBifi; cjie^oBaxejiBHo 
Xij, ,..., pasjiojKeHHe Bexxopa Xi. YHHXBiBaa, hxo Beca Bcex jiHxepajioB orpaHH^enBi cHHsy 

HHCJioM k/2 — A, cBepxy hhcjiom k/2, nojiynaeM yxBepjK^enne jieMMBi. ■ 

yxBep:a<;fleHHe 7 JJ,Afi ecHKOu Kommunv^uu K G IK 3 eunoAueno 

'\e^nNK\ < k/2 

|0^n AkI < 2A 

rank (K) > 2 

^rank~^{K) > 1, 

sde A = k/2 — m. 

yXBep:a<;^eHHe 8 //aa ocakou Kon^fonKit^uu A G K 4 eunoAneno 

n0°n Ai^l < k/2 
^ |0^n AkI < A 
rank~{K) > 1 
^rank~^{K) > 2, 


sde A = k/2 — m. 

Cjie^yiomHe ^Be jieMMBi 3 bji3ioxc 3 cjie^cxBHeM xoro, hxo oxpHpaHna jinxepajioB kohx,tohk tt bb 
BxoxH TTT ett B D 4)yHKLi;HH /, o6pa3yiox paaGneHHe !*:• KpoMe xoro, xax xax (JiyHKpna / npn- 

Be^eHHaa, xo HHKaKne ^Ba pasjiHHHBix accopHHpoBaHHBix c pasHBiMH cxojiGpaMH Mf ne coBna^aiox. 


yxBep:a<;fleHHe 9 JJ,aa bcakou koh^k>hkv,uu K G K 5 eunoAneno 

( |0°n Ai^l = 0 

< |0^nAi^| < fc-i 

[ranfc+(A) > 2, 


sde A = k/2 — m. 
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yTBep:»<;fleHHe 10 /^ah ocakou koh^k>hkv,uu K G Kg eunoAneno 

ne^niVi^l < k/2 
|0^ niVi^l <k/2 + A 
rank~{K) > 1 
jank'^{K) > 1, 

sde A = k/2 — m. 

06o3HaHHM |Ki| = yUi, 1^21 = /i2, •••, |IKe| = fiQ. OcHOBOH nocjieflyiomHx paccyjK^eHHfl cjiyjKHx 
JleMMa 7 //aa bcakou /1,H0 peaAusav^uu D ^yuKv^uu f G eunoAuenu nepaeeHcmea 

(1 + 3E)fi2 + 2,Efii + /ig + /^4 + /43 > n(/l — e) (3) 

(1 + E)fii + (1 + £)/ig + 2/^5 + Efl 4 + 2£'/i3 > n, (4) 

npu E = 2A/k, A = /c/2 — m. 

/^OKasaTejifcCTBO. SaMexHM, hxo 0^ > {k/2 — A)n, c ^pyroli cxopoHbi b cooxBexcxBHH c yxBep- 
BM opeHHBaexcH CBepxy cjie^yiomHM oOpaaoM 

{k/2 + 3A) + 2A/ii + /c/ig/2 + kfi 4/2 + /c/i 3/2 > 0^ > {k/2 — A)n 

IloflejiHB o6e nacxH HepaBencxBa na k/2, nojiy^HM HepaBencxBo [3l 
AHajioxHHHO opeHHM 0*^: 

{k/2 + A)pi + {k/2 + A)yU,g + (/c — 1 )P '5 + A/i 4 + 2 A/i 3 > 0^ > n 

Ha nojiyHeHHoro HepaBencxBa cjie^yex HepaBencxBo HI ■ 

JleMMa 8 /I,AA npouaeoAhHou /1,H(P peaAuaayuu D ^ymynu f KAacca cnpaeedAueu Hepaeen- 
cmea 


rank~^ D > max{2n — pi, pi + 2 p ,5 + /ig + 2 /i 4 + ps} 
rank~ D > max{ 2 ? 7 , — p .2 — /U .4 — ^ 3 , 3 /i 2 + 2/ii + pg + /i 4 + 2 ^, 3 } 


( 5 ) 

( 6 ) 


^OKasaxejiBCXBO. SaMexHM, hxo npn sa^aHHOM pasGneHHH na KjiaccBi Ki - Kg hhcjio coGcxBeHHwx 
oxpnpaxejiBHBix jinxepajioB paBHo pi. Ho jieMMaM H] h [5] Bce HecoOcxBeHHwe jinxepajibi BcxpenaioxcH 
KaK MHHHMyM ^Ba paaa, cjie^oBaxejibHo, rank~^ > /ii+2(?7,—pi). KpoMe xoro, hhcjio nojiojKHxejiBHBix 
jiHxepajioB, B cHjiy yxBepjK^eHHH BM opeHHBaexcH cHHsy BBipanceHneM pi + 2/i5 + p,g + 2p,4 + 
TaKHM Hce o6pa30M nojiynaexcH opeHKa b nepaBencxBe [5l ■ 

TeopeMa 2 Pam /1,H(P peaAuaayuu D (^ynnyun f KAacca odpanuHCH cHuay eupaatccHucM 


rank D>—n- 

3 3(1+ £) 


buE ^ {k/2 — m) 

, npu E = 2- 


k 


, ^ 10 13ne 1 1 

rank D > —n -, npu - < e < —. 

3 9 + 3£ 4 3 
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^OKasaTejifcCTBO. ^oKasaTejibCTBa yxBepjK^eHHH xeopeMBi BocnojiBsyeMCH jieMMaMH [7] h [HI 
06o3HaHHM 


L{D) ■— niax{ 2 ?T, — pi, + 2 p 5 + /ig + 2 yU ,4 + /i 3 }+ 

max{ 2 ? 7 . - /i 2 - /X 4 - A^s, 3 /i 2 + 2/ii + /ig + /i 4 + 2 / 13 }. 

/Jajiee nac 6yflex HHxepecoBaxB MHHHMajiBHoe anaHeHne yKaaaHHon (JiyHKpHH npn orpaHHHenHHx, 
onpe^ejiaeMBix jicmmoh [71 ^oKaaaxejiBcxBa xeopeMBi paccMoxpHM cjie^yiomHe cjiynaH: 

a. B ycjioBH3x paccMaxpHBaeMoro cjiynaa: 

{ 2n — Pi ^ pi + 2 p 5 + pg + 2p4 + p 3 
2?7- — P 2 — P4 ~ P3 ^ 3p2 + 2pi + pg + P4 + 2p3 
Bnecxe c HepaBencxBaMH jieMMBi [71 nojiynaeM cjiepyiomyio cncxeMy HepaBencxB 

Pi + p6/2 + Ps + P4 + P 3/2 < "H. 

p2 + Pi/2 + Pe/^ + P 4/2 + 3p3/4 < ?7./2 

-(1 + 3£)p 2 - 2£pi - Pg - 2p4 - P3 < -n(l - e) 

, —(1 + £)pi — (1 + £)pg — 2p5 — £p4 — 2£p3 < —n 


riepBoe HepaBencxBo cncxeMBi yMHOJKHM na 2, Bxopoe na 4, nocjiepHee na (1 — e); cjiojkhb c 
xpexBHM, nojiyHHM 


3(1 — ^)(P2 + pi + P4 + P 3 ) + 2ep5 + £^pg + (£ + £^)pi + 


(2£ + £^)p4 + (£ + 2£^)p3 < 2(1 + E)n 


OxKypa 


2 / e 

P 2 + pi + P4 + p3 < 77 ^ ( 1 + 2-- 

o y 1 — £ 

CjiepoBaxejiBHo L{D) = 4n — p 2 — pi — p4 — P 3 > yn — 3^7^- 
b. B ycjioBH3x paccMaxpHBaeMoro cjiynaa: 

2n — Pi ^ pi + 2p5 + Pg + 2p4 + p 3 
2?7, — P 2 — p4 — jJ^s < 3p2 + 2pi + Pg + p4 + 2p3 
OpeHHM (JiyHKpHio L{D): 

L{D) > 2?7. + 3p2 + pi + Pg + p4 + 2p3. 

BocnojiBsoBaBiniicB HepaBencxBaMH [SHU nojiynHM 


pi + P6/2 + Ps + P4 + P 3/2 < 

-P2 - Pi/2 - pg/4 - P 4/2 - 3p3/4 < -n/2 
—(1 + 3e)p2 — 2£pi — Pg — 2p4 — p3 < —77,(1 — e) 
^ —(1 + £)pi — (1 4“ ^)p6 — 2p5 — £p4 — 2£p3 < —77, 
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OxKy^a 


Ti 

3(1 + s')^2 + (1 + + (1 + £)/Wg + (1 + s)lJ ,4 + 2(1 + £)/i 3 > ■;7(4 — s)- 

o 


CjieflOBaxejibHo L{D) > — 3{i+£) • 

{ 2n — yUl < yUl + 2li^ + /ig + 2 /i 4 + yU 3 
2?7- — /i 2 — /i4 ~ /^3 ^ 3/i2 + 2/ii + /ig + /i4 + 2/i3 
On;eHHM 4)yHKn;HK) L{D): 

L{D) > 2?7- — /^2 4“ A^l “1“ /^6 “1“ 2/^5 + 2/i4 + /i3 


Ha onpe^ejiHiomeH MaKCHMyM cHcxeMti HepaBencxE, nojiynaeM 

fi5 + ^a/2 > 2/i2 + Ai3/2, 

3(1 — 8 ) 112/2 + s/ii + /ig/2 + /i4/2 + 2 ^ 3/2 > ?T,(1 — ^)/^-i 

(1 — £)(pi + Ps + A''6/2 + P-4 + /^3/2) > ?T'(1 — £)• 
OxKy^a L(Z1) > 2?7, + 3?7,(1 - £)/2 + /i 2 (l + £)/2 + /i 3 (l + 2£)/2 > \n - 

f 2?7, — Pi < /ii + 2/^5 + /ig + 2/i4 + /i 3 
12?7, — /i 2 — /i4 — /i3 < 3/i2 + 2/ii + /ig + P4 + 2/i3 
OpeHHM (JiyHKi/Hio L{D): 

L{D) > 3/i2 + 3pi + 2/ig + 2/i5 + 3/i4 + 3/i3. 
CncxeMa HepaBencxB b paccMaxpHBaeMOM cjiynae HMeex bh// 

-/ii -/ig /2 -/i 5 -/i 4 -/i 3/2 <-n 

-/i 2 -/ii/2 -/ig/4 -/i 4/2 - 3 /i 3/4 <-n/2 

—(1 + 3e)/i2 — 2e/ii — /ig — 2 /i 4 — /i 3 < —?i(l — e) 

^ —(1 + £^)/^i — (1 4“ ^)/^6 — 2 /i 5 — e/i 4 — 2 e:/i 3 < — ri 


Ymhojkhm nepBoe HepaBencxBO na 4, Bxopoe na 8 h cjiojkhm c nocjiez/HHMH //ByMa 

3(1 + £'/3)/i2 + 3(1 + £'/3)/ii + 2(1 + £:/6)/ig+ 

2/i5 + 3(1 + e/9)/i4 + 3(1 + 2e/9)/i3 > -^- (7) 

Cjie/];oBaxejibHo, L{D) > yn — 

SaMexHM, Hxo openKH b cjiyHaax b vl d coBnaz/aiox npn £ = 1/4 h paBHBi 3n. Hpn e < 1/4 openKa 
cjiynaa b aBjiaexca HaHMenBinefi, hxo aaBepmaex poKasaxejibcxBo xeopeMBi. ■ 
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TeopeMa 3 MuHUMaAhHan /1,H(P noumu ecex npueedennux ^yHK%uu U3 npu \ogm < k/32 
codepoKum ne Menee 
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-m — 


5m 1 1 — a 


2 log m 


3 3 + 3a 

AumepaAoe, a npu fc/162 < logm <k/?)2 hucao AumepaAoe ne Menhiae 
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-m — 


13m { 1 — a 


2 log m 


9 + 3a^f^^ 


ede a npouseoAhnoe noAocmumeAhnoe hucao Mcuhiuee 1, logx oBosHaueH uarnypuAhHuu Aosapu^M 

HUCAU X. 

^OKasaTejifcCTBO. 


BbiGepeM \ = a\ npn a < 1. BocnojibsyeMca HepaBencTBOM HepnoBa 


fc/2-A 

E 

t=o 




MaxeMaTHHecKoe ojKH^aHHe nncjia cxojiOpoB Beca MeHBine k/2—X b cjiynaHHOH cJ^ynKpHn / G 
£'[HHCJia cTojiOpoB Beca MeHBine fc/2 — A] < = o(l). 

Ha HepaBeHCTBa MapKOBa ^jih cjiynaHHOH cjDyHKpHH / cjie^yex 


Pr 




ra.k 




= 0 ( 1 ) 


HpHMeHeHHe npe^Bi^ymefi xeopeMBi aaBepmaex flOKaaaxejiBCTBo. ■ 

IIpHMep 1 PaccMompuM 6yAeey (^yunyum h aadaHnym Mumpuyeu uyAcu Hk c MUKCUMUAhHUM 
HUCAOM pasAUHHux (c moHHocmhw do ompuyaHun) cmoAdyoe, naotcduu U3 nomopux uMcem eec 
He MCHce k/2 — \/k\nk. B coomeemcmeuu c HcpaecHcmeoM Hepnoea hucao cmoAdyoe e muKou 
Mumpuye ne Mcuhiue 2^~^{l — 2/k). Ho meopeMe\B hucao AumepaAoe e MunuMUAhuou /(H(p manou 
^yuKyuu cmposo doAhiue 


2^-1 ( _ 5 21n/c 


1_2) = 12.2^-1(1 + o(1)) 

3^/k + 2\nkJ V 3 

Tukum o6pa30M, hucao AumepaAoe e MunuMUAhuou /1,H0 ynuoauHou ^ynnyuu cyiyecmecHHo doAh- 
ULC, HCM e MUnUMUAhHOU /],H0 UOAHOU ^yUKyUU C mCM CHCe HUCAOM HyACU. 
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5. 3aKjiK)HeHHe 


B HacT05iin;eH paGoxe nojiyneHM HHJKHHe opeHKH cjiojkhocth 6yjieBbix (jDyHKpHH, sa^aBaeMbix 

MaxpHpaMH Hyjieii, ne co^epjKarpHMH cxojiGpt-i c MajiBiM hhcjiom (Hyjiefi). 

nojiyneHHBie openKH nosBOJiHiox cxpoHXB BBicoKHe HHJKHne openKH ^jih 6ojiBmoro HHCJia npHBe- 
^eHHBIX (JiyHKpHH BBICOKOH paSMepHOCXH C MajIBIM HHCJIOM Hyjiefi. 

B pa6oxe noKasano, hxo AH® nojiHoii 6yjieBOH cjDyHKpHH ne HBjiHexcji acHMnxoxHHecKH MaxcH- 
MajiBHOH no cjiojKHocxH B CBOOM Kjiacce; xeM caMBiM pemen o^hh h 3 nanGojiee BancHBix oxxpBixBix 
BonpocoB xeopnn cjiojkhocxh AH® 6yjieBBix (JiyHKpHH c MajiBiM nncjioM Hyjien. 
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